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1 Introduction

Autoregressive and moving average processes are two alternative models for sta-
tionary time series variables that are widely used in financial econometrics. Both
imply some form of persistence so that shocks to a variable continue to have an
effect after the period in which they occurred although stationarity ensures that
this effect eventually dies away. These two alternative processes also form the
basis for the Boz and Jenkins ARIMA model that is the topic of next week’s
lecture.

2 Stationarity

The concept of stationarity of a random variable is very important in the analysis
of financial time series. We make use of two definitions: weak stationarity and
strict stationarity.

2.1 Weak stationarity

A variable y; is said to be weakly stationary if both its mean and variance are
constant over time and its autocovariances s defined by

Ys = cov(Yeti—s) = E(ye — E(r)) (Ye—s — E(ye=s))

depend only on the distance between observations s and not on t. Weak sta-
tionarity implies time independence of the first two moments of the distribution
only.



2.2 Strict stationarity

A variable is said to be strictly stationary if its joint distribution does not depend
on t.

f(yfdyt*l? Yt—2, 7yt*8> = f(yt/a Yt —1, Y —2, "+ 73/1‘/*3)7 Vtu tlu S.

Strict stationarity demands time independence of the complete distribution of y;
and is thus stronger than weak stationarity. However, it is possible for a variable
to be strictly stationary without being weakly stationary if its first two moments
do not exist.

3 Autoregressive processes

3.1 The first order autoregressive process

Let y; be defined by the process

Yt = QYi—1 + & (3.1)

where ¢; is an independently identically distributed random variable of innovations
with
g, ~ 4id(0, 0?).

For the process to be stationary we require that the parameter ¢ satisfies the
restriction that

6l < 1.

This process is known as a first order autoregressive or AR(1) process. By re-
peated substitution we can write y; in terms of the innovations &,

Y=+ o1+ PPe o+ PPeg+ -
The variable ¥y, has the properties that

E(y:) = E(e) + 9 E(e_1) + ¢ E(gs2) + ¢* E(gr3) +--- =0

var(y,) = E(z—;?) + ¢2 E(gil) + ¢4 E(E?fz) + ¢6 E(Etzﬁ) T+
= (1+¢"+¢"+¢°+--- )0
= /-

and

cov(yyr—s) = ¢ var(y:)
@0’ /(1 - ¢%).



It can be seen that y; has a constant mean of zero, a constant variance and
autocovariances that depend only on the distance s between observations. Thus
y; is indeed a weakly stationary variable.

The autocorrelation function (ACF') of any stationary process y; is defined by

~cov(Ye, Ye—s)

s = 3.2
var(y,) (32)
For the AR(1) process
ps = ¢’
and the ACF coefficients die away (in absolute value) since |¢%] < [¢°7.
The partial autocorrelation function (PACF') of y; is defined by
Dy = COV(ytv yt—s|yt—1a Yi—2,° " yt—s—l) . (33)

var(y;)

It measures the autocorrelation between y; and y;_ taking into account the effect
of all intermediate lags v, ., 7 < s. It is based on conditional variances and
covariances and is identical to the coefficient p, in the equation

Yt = P1Ys—1 + P2Yr—2 + -+ PsYi—s + €t
In the AR(1) case, clearly p; = ¢ and p; = 0, s > 1. It can be seen that the
PACF coefficients cut off abruptly after s = 1.

3.2 Higher order processes
We can define the AR (p) process
Yt = 01Yt—1+ Qa2+ + Qplr—p T & (3.4)

where as before
gy ~ i1d(0, 0%).

Introducing the lag operator, L, defined by
LFe, = x4, , Loz, =1
we can rewrite the model as
Yo — ¢1Lys — oLy — - — opLPyr = &4

or

(1 — ¢ L — ¢2L2 - Cprp)yt = gb(L)yt =&
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where ¢(L) is a polynomial function in the lag operator. This polynomial can be
factorised as the product of its roots

o(L) = [J(1—a;L) = (1= nL)(1 = L) -+ (1 = e ) (3.5)

where the roots are
1 1 1

) ) )
a1 Qo ap

These roots can either be real numbers or compler numbers of the form a + bi
where a and b are real numbers and where ¢ is the imaginary number defined by
i = v/—1. Where roots are complex, they must appear in complex conjugate pairs
of the form

O./j = CLj —+ b]Z and Oéj+1 = CLj — bjl

so that their sum
aj + aji1 = (a; + bji) + (a; — bji) = 2a,
and their product
ajagr = (aj + bji)(a; — bji) = af — b3i® = a} + b5

are both real numbers. Real roots correspond to damped exponentials whereas
complex conjugate pairs of roots correspond to damped sine waves (cycles).
For the AR(p) process to be stationary we require that

lej || < 1,95

where ||a;|| is the norm of o defined for the real case as ||| = |o;| and for the
complex case as

ol = /(s + bii)(a; — byi) = \Ja? + 82

The condition for stationarity is sometimes stated as the condition that all the
roots of the AR(p) process lie outside the unit circle.
The AR(p) model can be written in terms of the innovations ¢; as

ye = ¢(L) e
where ,
oL =T]00 - oyL)
j=1



is a polynomial in the lag operator. This polynomial will only exist when the
AR(p) process satisfies the conditions for stationarity. In general it will be of
infinite order so that y; depends on the whole past history of &;.

The AR(p) process has the properties that

E(yt) = E((b(L)_lft) =0,

var(y:) = Yo = Ely(dr1yi—1 + G2 + - - + dphr—p + 1)]
= dntonto oy to

coV(YYi—s) = Vs = Elyi—s(P1ye—1 + Goyp—o + -+ - + OpYi—p + )]
= O17Vs—1 F+ P2Ys—2 + -+ DpVs—p-

The coefficients of the ACF, p, the autocovariances, will die out as s increases
but will never disappear completely. The PACF partial autocovariances py are
non-zero up to p, but then cut off completely.

4 Moving Average processes

Let y; be defined by the process

Yo =1+ 01 (4.1)
where ¢; is an independently identically distributed random variable with

g ~ 1id(0, 0?).

This process is known as a first order moving average or MA (1) process.
The variable g, has the properties that

E(y) = E(e;) + 0 E(e4—1) =0,

var(y,) = E(g +0g1)*
= E(e?) +20E(eie,1) + 0* E(e7 )
= (1+6*0?

and

cov(yyi—s) = E(er +0e1)(e—s + Oc4_51)
= E(giei-s) + 0E(ere1-5-1) + 0 E(ei_180—5) + 0? E(ei_161-5-1)
= fHo® |, s=1 and =0 , s>1.



It can be seen that gy, has a constant mean of zero, a constant variance and
autocovariances that depend only on the distance s between observations. Thus
y; is a weakly stationary variable and this is true for all values of #, including the
unit moving average root cases 6 = +1.

The autocovarances p, cut off after the first order whereas it can be shown
that the partial autocovariances ps will die out slowly.

4.1 Identification

For the autocorrelation function of the MA (1) process we have p; = 0/(1+6%) and
ps = 0 for all s > 1. Consider an alternative MA (1) process with MA coefficient
6* = 1/6. The autocorrelation function for this process has

00 1 & 8
A= 0102 o0+ (1+62) M

and pf = 0 for all s > 1. Thus an MA(1) process with coefficient 1/6 has
exactly the same autocorrelation function as a process with coefficient 6 and it is
impossible to distinguish between the two processes from their autocorrelations.
This is an identification problem and to resolve this we impose the identification
restriction on the MA (1) model that

6] < 1.

As before, note that the identification restriction does not exclude the unit root
cases 0 = *1.

4.2 Higher order processes

We can define the MA(q) process
Y = ¢ + b1 +lagpo + - + 04514

where as before
¢ ~ 1id(0, o?).

This process has the properties

E(y) = E(e;) + 01 E(e4—1) + 02 E(e4—2) + - - - + 0, E(e4—¢) = 0,

var(y) = E(gf) + 07 E(ef,) + 03 E(ef,) + - + 07 B(ef,)
= (1+6i+6+---+62)0°
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and

cov(yyr—s) = (0s+ 610501 + -+ 9q789q)a2  s<yq
= 0 , s>q

Autocovariances pg are non-zero up to order ¢ but cut off after this point. Partial
autocovariances ps will die away gradually.
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