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Abstract

An asymptotic proof is presented for a test of perfect aggregation in linear models developed in
Pesaran et al. (1989). The limiting distribution is derived by letting the degree of disaggregation
increase without bound for a fixed sample size.

1 Introduction

In a recent paper, Pesaran et al. (1989), henceforth PPK, propose a new test of the hypothesis of perfect
aggregation in the context of a linear disaggregate model. It is shown there that, when the covariance
matrix of the disaggregate model is known, then this test statistic is distributed as χ2

n, where n is the
number of observations. However, when the covariance matrix is unknown, the exact distribution of the
statistic is not easily computable. The purpose of this paper is to show that in this case the test is still
valid asymptotically. Since the test statistic has dimension n, the usual asymptotic theory which lets
n, the sample size, tend to infinity is clearly not applicable. Instead we derive a limiting distribution
by allowing the degree of disaggregation denoted by m to increase without bound. Similar large m-
asymptotics have been used previously by Powell and Stoker (1985) and Granger (1987). The perfect
aggregation test is derived in section2. Section 3 presents a proof of the asymptotic validity of the test
for the special case where the covariance matrix is diagonal.

2 The perfect aggregation test

Let the disaggregate model be written as

Hd : yi = Xiβi + ui, i = 1, 2, . . . ,m. (1)

where yi is an n×1 vector of n observations on the ith micro-unit, Xi is an n×k matrix of n observations
on k regressors for the ith micro-unit, ui is an n× 1 vector of associated disturbances. The disturbances
ui are assumed to be distributed independently of Xi with E(ui) = 0 and E(uiu

′
j) = σijIn.

The aggregate model is given by

Ha : ya = Xab + νa, (2)

where

ya =

m∑
i=1

yi and Xa =

m∑
i=1

Xi.

Then the hypothesis of perfect aggregation is defined by

Hξ : ξ =

m∑
i=1

Xiβi −Xab = 0, (3)
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in which case the regression functions of (1) and (2) coincide. It can be seen that this hypothesis
encompasses the two special cases of ‘micro-homogeneity’ (β1 = β2 = · · · = βm) and ‘compositional
stability’ (Xi = XaCi, i = 1, 2, . . . ,m) but it can also be satisfied in more general cases (see PPK for
details).

A test of the hypothesis (3) can be constructed based on OLS estimates of βi. Let

ξ̂ =

m∑
i=1

Xiβ̂i −Xab̂ = ea − ed, (4)

where the hat denotes OLS estimates,

ea = (In −Aa)ya,

ed =

m∑
i=1

(In −Ai)yi =

m∑
i=1

ei,

Aa = Xa(X′aXa)−1X′a,

Ai = Xi(X
′
iXi)

−1X′i = In −Mi.

The test statistic is then given by

am = m−1(ea − ed)
′Ψ̂
−1
m (ea − ed),

Ψ̂m = m−1
m∑

i,j=1

σ̂ijHiHj , (5)

Hi = Ai −Aa,

σ̂ij = {n− 2k + tr(AiAj)}−1e′iej .

It is shown in PPK that σ̂ij is an unbiased estimator of the covariance element σij .

3 A proof of the asymptotic validity of the test

In this section a proof is presented of the asymptotic validity of the test of perfect aggregation for the
special case where the disturbances uit are distributed independently across equations so that σij =
0, i 6= j. The framework adopted is to let the degree of disaggregation, m, increase without bound while
keeping the sample size, n, fixed.

The following assumptions are made:

Assumption 1. The standardised micro-disturbances νit = uit/
√
σii are identically distributed, inde-

pendently both across time periods and across equations, with zero means, unit variances and finite
third-order moments.1

Assumption 2. The average matrix Xm = m−1Xa, and the aggregate projection matrix Xm(X
′
mXm)−1X

′
m,

converge (in probability) to finite limits.

Assumption 3. The elements of the disaggregate projection matrices, Ai = Xi(X
′
iXi)

−1X′i, remain
bounded in absolute value as m→∞. Notationally, we write |Ai| < P <∞.

Assumption 4. The elements of the variance matrix Σ = (σij) remain bounded m → ∞. Namely,
|σij | < τ2 <∞,∀i, j.

Assumption 5. The variance matrix Ψm defined by

Ψm = m−1
m∑

i,j=1

σijHiHj ,

1 The assumption that νit have finite third-order moments can be replaced by the slightly weaker assumption that, for
some positive δ, E |νit|2+δ is uniformly bounded. See, for example, (White, 1984, Theorem 5.10).
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tends to a non-singular matrix Ψ, as m→∞.

Theorem 1. Under Assumptions 1—5 and conditional on X, the statistic

am = (ea − ed)
′

(
m∑
i=1

σ̂iiH
2
i

)−1
(ea − ed)

will be asymptotically distributed as a χ2
n variate on the null hypothesis of perfect aggregation (3), as

m→∞.

Proof. Let

Gm =

(
m∑
i=1

σ̂iiH
2
i

)−1/2
(ea − ed). (6)

Then the test statistic in the theorem can be written as

am = G′mGm. (7)

Consider now the probability limit of Ψ̂m = m−1
∑m
i=1 σ̂iiH

2
i , as m→∞. Under (1) we obtain

Ψ̂m = [m(n− k)]−1
m∑
i=1

(u′iMiui)H
2
i . (8)

But, since Mi is an idempotent matrix of rank n− k, we can also write

σ−1ii u′iMui =

n−k∑
t=1

ε2it, i = 1, 2, . . . ,m, (9)

where εit represents scalar random variables distributed independently across i and t with zero means
and unit variances. Substituting (9) in (8) yields

Ψ̂m = (n− k)−1
n−k∑
t=1

m−1

(
m∑
i=1

σiiε
2
itH

2
i

)
. (10)

But, noting that Hi = Ai −Aa, we have

m−1
m∑
i=1

σiiε
2
itH

2
i = fmAa + Fm − FmAa −AaFm, (11)

where

fm = m−1
m∑
i=1

σiiε
2
it, Fm = m−1

m∑
i=1

σiiε
2
itAi.

Now, under Assumption 4, it readily follows that

plim
m→∞

(fm) ≤ τ2 plim
m→∞

(
m−1

m∑
i=1

ε2it

)
,

and since εit are identically and independently distributed random variables then, by the law of large

numbers, m−1
∑m
i=1 ε

2
it

p→ 1, and
plim
m→∞

(fm) ≤ τ2 <∞. (12)

Similarly, under Assumptions 3 and 4, we have

plim
m→∞

(Fm) ≤ τ2P <∞, (13)

where P is already defined by Assumption 3. The results (12) and (13) establish the existence of the
probability limits of fm and Fm, as m→∞, and this in turn establishes [using (11) and noting that, by
Assumption 2, matrix Aa, has a finite limit as m→∞] that

plim
m→∞

(
m−1

m∑
i=1

σiiε
2
itH

2
i

)
= lim
m→∞

(
m−1

m∑
i=1

σiiH
2
i

)
.
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Using this result in (10), we finally obtain

Ψ̂m = m−1
m∑
i=1

σ̂iiH
2
i
p→ lim
m→∞

(
m−1

m∑
i=1

σiiH
2
i

)
= Ψ. (14)

Therefore, asymptotically we have2

Gm
a∼ Ψ−1/2m−1/2(ea − ed).

But, under (1) and on the assumption that Hξ :
∑m
i=1 Xiβ̂i = Xab̂ holds,

m−1/2(ea − ed) = m−1/2
m∑
i=1

Hiui.

Hence,

Gm
a∼ m−1/2

m∑
i=1

zi, (15)

in which
zi =

√
σiiΨ

−1/2Hiνi,

and νi = ui/
√
σii. We now show that under the assumptions of the theorem, as m → ∞, the sum

sm = m−1/2
∑m
i=1 zi tends to a multivariate normal distribution with mean zero and covariance matrix

In, an identity matrix of order n. For this purpose, it is sufficient to demonstrate that for any fixed
vector λ = (λ1, λ2, . . . , λn)′, the limiting distribution of λ′sm is N(0,λ′λ).

Let

dm = λ′sm = m−1/2
m∑
i=1

wi, (16)

in which
wi =

√
σiiλ

′Ψ−1/2Hiνi, i = 1, 2, . . . ,m (17)

is now a scalar random variable. We have, for all i,

E(wi) = 0,

V(wi) = σiiλ
′Ψ−1/2H2

iΨ
−1/2λ > 0.

Setting µ = Ψ−1/2λ, then

C2
m =

m∑
i=1

V(wi) = µ′

(
m∑
i=1

σiiH
2
i

)
µ. (18)

Denoting the (s,t) element of matrix Hi by hi,st, we also have [using (17)]

wi =
√
σii

n∑
t=1

(
n∑
s=1

µshi,st

)
νit.

Therefore, since by assumption Ψ is non-singular and hi,st are bounded in absolute value for all i, then

|wi| ≤ nκ
√
σii

∣∣∣∣∣
n∑
t=1

νit

∣∣∣∣∣ ,
where |µshi,st| < κ <∞. Consequently,

E |wi|3 ≤ n3κ3σ3/2
ii E

∣∣∣∣∣
n∑
t=1

νit

∣∣∣∣∣
3

.

However, since the random variables νit are i.i.d. with finite third-order moments, E |
∑n
t=1 νit|3 ≤ nθ3,

where θ3 = E |νit|3, and

E |wi|3 ≤ n4κ3θ3σ3/2
ii . (19)

2 Note that, by Assumption 5, matrix Ψ is non-singular.
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We are now in a position to apply the Liapunov Central Limit Theorem to the sum dm defined by (16).3

Setting

B3
m =

m∑
i=1

E |wi|3,

then using (19) it follows that

B3
m ≤ (n4κ3θ3)

m∑
i=1

σ
3/2
ii ,

which together with (18) yields4

lim
m→∞

[
Bm
Cm

]
≤
[
n4/3κθ

(λ′λ)1/2

]
lim
m→∞

m−1/2

[
m∑
i=1

σ
3/2
ii

]1/3
.

But, under Assumption 4,

lim
m→∞

m−1/2

[
m∑
i=1

σ
3/2
ii

]1/3
≤ lim
m→∞

(m−1/6τ) = 0,

and for a fixed n, we have lim(Bm/Cm) = 0, as m→∞, and the condition of the Liapunov theorem will
be met. Hence,

Gm
a∼ sm

a∼ N(0, In).

Now, using (7), we have

am = G′mGm
a∼ χ2

n.

Q.E.D.
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